A new method for studying interaction between elastic object and a fluid is developed. including a large number of elastic particles. The effects of particle geometry and elasticity are investigated.
Introduction
Interaction problem between fluid and solid object constitutes one of the most challenging subjects in the engineering field, particularly when involving large density ratio and/or different stress-strain relations.
Despite the broad scope of applications ranging from biology (e.g. biological cells [1] or vesicles [2] in a viscous shear flow) to large scale structures (e.g. parachute aerodynamics [3, 4] and flutter of air-plane wings [5] ), modelling of fluid-solid interaction has been still in development due to its multi-physics nature over ranges of time-and length-scales. Numerical simulation is suitable for handling a wider range of fluid-structure properties that are inaccessible by experiments simultaneously and non-invasively.
There are currently several major approaches for simulation of fluid-structure interaction. The examples include arbitrary Lagrangian-Eulerian (ALE) method [6] in body-fit curvilinear coordinate system and the DSD/ST procedure [7, 8] with finite-element unstructured mesh. Also, noticeable contributions are found to the development of numerical methods on fixed (time-independent) rectilinear coordinate systems, such as immersed boundary (IB) method [9] and ficticious domain method [10] .
In the methods with the body-fit coordinates/unstructured-mesh, high resolutions near the boundary layer is expected as the flow is resolved along the moving/deforming object surface. The body-fit approach has been well-established and widely employed for problems involving moving rigid objects in 2-D [11] and 3-D [12] and deforming objects [13, 14, 15, 16, 17] . However, although local re-meshing techniques were developed and successfully tested in [18] , most of the time the whole computational domain is re-meshed as the object moves/deforms, which is computationally intensive. Also, perhaps because the approach has some difficulties to such systems as involving an object with complex geometry or freely-moving polysized particles (causing meshing over non-simply-connected regions), not many examples are reported for a large-population of fluid-solid suspension problems (e.g. [18, 19] ). In addition, the body-fit simulation technique may not be very advantageous for studying turbulence statistics and vortical structures (shed from particles and bubbles) at a uniform scale (resolution).
In the fixed-mesh techniques, on the other hand, the computational mesh is generally a structured mesh, often rectangular or even uniform mesh. The mesh shape does not fit the object's shape. Therefore, the particular difficulty lies in the momentum exchange at the moving interface. For this purpose, some specially designed force term is incorporated into the dynamics of the two phases in order to incorporate the effect of the fluid-solid interface and/or to locally enforce the solution to the adequate constraint. This approach enables investigation of flow characteristics with a simple numerical treatment and relatively low computational load. For these reasons, the fixed-grid approach has been increasingly adopted for simulating multi-phase problems, and several models are readily to be available for studying fundamentals of a large-scale fluid-solid suspension system (e.g. [20] Among the several methods existing, the IB approach originally proposed by Peskin [9, 21] is probably the most widely adopted method. The main idea of his method is to represent fluid-solid boundary with
Lagrangian markers located at the object surface immersed in a fluid. The fluid and solid phases share the physical properties at the "immersed" boundary by mutual interpolation between the Eulerian and Lagrangian references via a pseudo delta function as a weight function. The method has demonstrated its versatileness through applications to a number of problems including blood flow in a heart [9] , and deformable biological cells experiencing shear [23] and motion of aquatic animals [22] . The IB method has also inspired many researchers to propose a number of improved methods. For example, to facilitate the application to medical problems, Zhang and co-workers [24, 25] proposed (in their immersed finite element method) a new kernel function, instead of the pseudo delta function, for determining the cut-off region around the interface on a non-uniform mesh system. Also, the immersed interface treatment [26, 27, 28] improves the sharpness of the interface by incorporating the jump in the stress and velocities across the interface.
We have independently developed another efficient fluid-structure coupling technique with a conservative momentum exchange (CMX) algorithm for solid objects immersed in a fluid [29, 30] . In the method, no interpolation is performed between the phases, as the fixed rectilinear grid is shared with both fluid and solid for representing velocity fields of the two phases. The interaction force, modelled as a volume force, is given to the both phases with the opposite signs on the same (shared) grid point. Therefore, the method ensures no momentum leakage between the phases. This approach enabled high speed computation compared to the above IB-based/ficticious domain methods [31] , and this method has been applied to direct numerical simulation (DNS) of particle-laden turbulence of a total number of O(10 3 ) spherical particles [30] . Nishiura et al. [32] combined our method with a discrete particle method [33] for solving a sedimentation process involving interparticle collisions in a 10 5 -particle system.
When the solid particles exhibit deformable nature, the deformability of the particles may add more special characteristics to the behaviour of the fluid-solid mixture. In the past decades, the above studies of the dynamics of the deformable membrane structure in a viscous fluid have been driven by the strong interests in biological applications. However, the meso-scopic flow structures induced by a large population of deformable particles have not been studied. 
Numerical Methods
In the fluid computational cells partially occupied by the solid object, the fluid-solid interaction is solved by a conservative momentum-exchange algorithm for solid object immersed in an underlying fluid, assuming that the solid object behaves like a rigid body at every instance. The momentum-exchange algorithm, originally proposed by Kajishima and co-researchers [29, 30] , is briefly summarised in the following.
Fluid -solid interaction and numerical implementation
A velocity field u is established through volume-averaging the local fluid velocity u f and the local solid phase velocity u p in each computational cell: in the following procedure. Assuming that the whole computational domain is filled with a continuum of a uniform density, the basic equation is:
where p pressure, ρ f density, μ f viscous coefficient of the fluid. The interaction force ρ f f I (per unit volume) accounts for the effect of the solid object on the fluid phase in the interface cells and inside the object.
The above equations are time-integrated apparently by the same procedure as the SMAC methods [34] (with the 2nd-order Adams-Bashforth method in Eq. (6)):
where
and Δt is a time increment. The superscripts indicate time levels. Note that in a cell fully occupied by the solid (α = 1 and u = u p ) Eq.(3) reduces to u n+1 = u p , while in the fluid cells (α = 0 and u = u f ) Eqs. (3)∼ (7) coincide with a procedure for a single-phase Navier-Stokes solver (SMAC method) because of f I = 0. Therefore, the interaction force ρ f f I per unit volume, given at the fluid-solid interface, works to enforce the no-slip condition in the mixture field.
The second order central finite difference is adopted for the terms in Eq.(6). The Poisson equation of Eq. (7) is, again, discretised by the 2nd order central finite difference, and it is solved by the successive over-relaxation (SOR) method in conjunction with the residual cutting method [35] .
Solid volumetric fraction α in Eq.(8) needs to be evaluated in each computational cell. For simple geometries such as spheres, α could be determined by a formula, but the computational load associated with this process is fairly significant. An efficient algorithm for digitising the fluid-solid interface is necessary for a deformable object of arbitrary geometry. In the present study, a surface-digitiser of hyperbolic-tangent type [31, 36] is used to approximate solid volume fraction. The method has been proved to be highly efficient (even for computing a time-dependent volume fraction for moving/deforming object).
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The particles undergo the same interaction force and the moment of the force with the opposite sign, and time-advancement of the solid phase is completed by integrating the forces over the volume of the particle:
where m p is mass of the object, I p inertia tensor and V p region enclosing the object. Eqs. (9) and (10) are time-updated by the 2nd order Adams-Bashforth method.
The use of the same interaction force for both phases at the interface cells guarantees the conservation of the momentum between the phases. The integration region in Eqs. (9) and (10) does not necessarily coincide with the particle volume, but a volume enveloping the particle is allowed since f I vanishes outside the solid occupation region. This margined-volume integration of f I (instead of surface integration of the surface forces) considerably reduces the computational load [31] , which is the strong advantage of this method.
The above method has been validated through the predictions of the drag forces acting on a single spherical particle fixed in space [29] together with the vortex shedding in the wake of a particle, for a range of Reynolds numbers [31] . The method has been applied to direct numerical simulation (DNS) of turbulence induced by O(10 3 ) spherical particles [30] and particle clustering in a sedimentation process populating 10 5 spherical particles [32] .
In the subsequent sections, coupling of CMX algorithm and a finite element formulation is described.
The algorithm is found to show good compatibility with FEM, and the transplantation is carried out without any essential modification on the existing computer code developed for studying the above large population of solid suspension problems [29, 30] .
Finite element procedure and coupling with the momentum-exchange algorithm
Coupling with a standard finite element formulation (for solid deformation) [37, 38] of a total Lagrangian form:
has been developed [39, 40] with a St.Venant-Kirchhoff material for satisfying solid incompressibility.
Here, M is global mass matrix,z acceleration, Q internal force vector and F external force vector. with the maximum error of 1.9% at the largest amplitude.
However, in our preliminary case employing 128 elastic particles falling in a fluid (using SX-8R of Osaka University, a vector-type computer with shared-memory) , it was found that a considerable amount of overall computational time (more than 90%) is consumed for the convergence computation of solid deformations (due to relatively lower compatibility for the solid mechanics solver with the computer architecture, while the fluid routines exhibited the optimised vectorization performance).
In the present work, therefore, we determined to reduce to a system with a linear elastic material obeying
Hooke's law (under plane-strain condition) and a simplified formulation based on the infinitesimal-strain assumption:
to perform faster computation, within a feasible computational time, with accommodating elastic particles of total number O(10 2 ) for studying the effect of deformability of the particles on the clustering behaviour.
Incorporation of a damping term is not essential in the present method [39, 40] . However, again, for the purpose of the present study (proving that the proposed coupling method surely works), damping is incorporated to perform stable and reasonably-fast computation. Damping model should account for some non-linear mechanics of the material to predict the dynamic behaviours of the object, but, generally, it is difficult to identify damping properties of each material. In the present study, a simple viscous damping with no history-effect is assumed, and the well-established Rayleigh damping coefficients [42] are employed.
Our FD-based momentum-exchange algorithm is coupled with the FEM by incorporating f I into the finite-element formulation as an external force, which is briefly explained in the following. The coupling procedure assumes that the deformable object moves sufficiently slow to allow the fluid to have enough time to relax within a single time increment. A purely theoretical estimate of this assumption is presented in Appendix A.
To facilitate the computation of a multi-body system, the deformations of each body are described on the non-inertial frame fixed to each object. For calculating the components in f I , objects' local velocities (including internal displacement velocities) must be considered in u p . Instantaneous translating and angular velocities are added with the non-inertial displacement velocitiesż. The inertial velocities on the object nodes are expressed as:
where R is a rotation matrix representing the orientation of body with respect to the initial orientation.
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The external force F on the solid body includes the interaction force (−ρ f f I ) assembled over the finite elements. Eq. (11) is time-integrated by the Newmark-β method, and the resultantż is substituted into Eq. (12) . Note that the motions of the fluid (by Adams-Bashforth method) and particles (by Newmark-β method) are time-updated alternatively.
As will be detailed again, the time-averaged displacement of gravity centre due to the particle deformation are found to be negligible throughout the simulations. Therefore, the superposition of the deformation velocity is reasonably accepted, and, in turn, so is the mixed FD-FE approach coupled with the momentumexchange algorithm for solving solids suspension problem within a feasible computational time.
Particle-laden Flow: Elastic Particles in an Up-current Flow
When the solid particles have deformability, the solids suspension may exhibit some different features from the behaviours of the rigid particles. Here, the effects of neutral geometry (non-circularity) and deformability of the particles on a two-dimensional suspension flow and clusterisation of particles are studied.
Numerical Conditions
Ellipticity n (ratio of the major to the minor axes) and Young's modulus E are the major parameters for non-circularity and deformability, respectively. Hereafter, Young's modulus is normalised by the reference pressure of the fluid and denoted by E * .
In the present study, particles of n=1 (circular particle) and 1.2 are employed. The elliptic particle has the equivalent volume as the circular particle of diameter D p . Normalised Young's modulus E * is varied from 1 to 100. For the material of E * =100, the typical order of the hydrodynamic force was found to be too weak to cause any visible displacements on the object in the present study; the hydrodynamic force rather works for translation and rotation of the object than deformation of the object. Therefore, the particles of E * =100 can be regarded as rigid case. The unstructured grids of the circular and elliptic particles are shown in Fig.3 . For both geometry, the number of elements and nodes are 324 and 187, respectively. Our preliminary study shows that the mean deviation of the gravity centre is well below 10 −3 D p throughout the simulations. The maximum deviation of inertia tensor is found to be 2% from the initial value.
Total numbers of particles used are 32 and 128 (labelled Case 1 and 2, respectively). The bulk solid volume fraction is 0.48% for both cases, and little effect of collisions on the flow structures is observed.
Nevertheless, inter-particle collisions take place accidentally once in about 100 unit-times, and the impact of the colliding event may cause violent disturbance on the flow field. In the present study, an inter-particle repulsive potential same as Glowinski et al. [10] and Uhlmann [43] is introduced to isolate the effect of collisions on the flow structure.
Other numerical conditions are summarised in Table 1 together with the above conditions. the clustered particles; some particles are observed to be trapped into the wake vortices of the descending particles, forming a vertical beads structure. Those particles descend as a pair/assembly at a faster speed than a single particle. However, as the minimum inter-particle distance is controlled by the particle-particle potential [10] , the behaviours of tumbling and kissing of the particles are not observed at the typical interval and duration [44, 45] . Observation of the subsequent snapshots shows that the circular particles do not take specific orientation, while the elliptic particles fall swinging around the most stable position (with the major axis pointing the horizontal direction). structure is confirmed. Figure 6 is also an instantaneous flow field for the case with 128 circular particles of E * = 1 in a four-times larger computational domain (Case 2). A larger scale of coherent flow structure is found. However, no clear streaky structure was observed for the elliptic cases as far as we tested. Figure 7 shows, for the case employing 128 particles, diagrams of average particle Reynolds number Re p defined with average slip velocity, root mean square of angular velocities RMS(ω p ) and average distance to most neighbouring particle L p . Smaller L p means that dense population may be formed. Effects of non-circular geometry and deformability are studied in the following.
Results and Discussion

Effect of non-circularity geometry
The average particle Reynolds number Re p in Fig.7 (a) are larger than the particle Reynolds number of a single falling particle (Re = 200). A vertical beads structure is heavier than a single particle, but the drag force mainly works on the leading particle, resulting in a faster descent velocity. Our previous study also observed the similar phenomena [46] . The elliptic particles also shows tumbling motion. However, the elliptic particles have the preferred posture, which results in the effective increase in projected area against the descent direction and, in turn, enhancement in drag force. This trend is insensitive to the Young moduli tested. Therefore, the increase in average Reynolds number is slightly lower than the circular cases.
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In Fig.7(b) , the levels of the angular velocities are obviously different for elliptic and circular particles, especially for the cases with the hard material. Circular particles fall staggering due to the time-varying lift force caused by the vortical discharges. However, rotating motion of (deformed) circular object is affected little by pressure drag (form drag), but mainly by the viscous drag.
For elliptic particles, on the other hand, non-uniform pressure distribution around a particle becomes a major contributing factor for rotating motion. When an elliptic particle rotates, it has to displace the fluid and the first order moment of restitution force works to damp the rotating motion. Therefore, the swinging motions of the elliptic particles exhibit the sudden changes in rotating motion in a short period of time. . The present author [46] has reported that spherical particles of disabled rotating mobility tend to form clusters (dense population zones). The above result suggests that the correlation between the rotation mobility and clusterisation may also apply to non-circular particles.
The formation process of dense population zone for the soft circular particles is also confirmed from 
Effect of deformability
For elliptic particles of E * =1, rotating motions can be further damped than the harder ellipses since the drag force is consumed for deformation as well as rotation. This is also confirmed from Cumulative probability density functions of the presence of the particles are shown in Fig.8 as a function of the distance from a particle. The probability functions are averaged over the total number of particles in the domain. The obvious difference exists in the particle-presence probability for the two different types of the soft particles. The graph also suggests that the soft circular particles tend to form a nest of particles, whereas the soft non-circular particles have less number of particles in the neighbourhood. Figure 8 : Cumulative probability density profiles of particle presence within the distance from a target particle for different neutral shapes and elasticities in Case 2 (the larger domain with N p = 128).
The above findings suggests that the effect of deformability manifests itself on the motion of particles and clustering behaviour when the deformable nature is added to non-circular objects. Figure 9 shows stress distributions in circular and elliptic particles visualised by von Mises stress. Elasticity E * is 1 for both cases. The particles are stressed most at the leading edges in the descending directions.
It was also observed, in the cases of E * = 1 and 10, the tumbling particles exhibit characteristic shapes depending on the places from the leading particles. The effect of deformability on the particle shape and the clustering behaviour is the subject of ongoing research by the present authors.
Concluding Remarks
A numerical method was developed to solve interaction problems between a fluid and elastic particles.
Elastic property of the solid material was incorporated into the fluid dynamics by combining a finite element (FE) method with our finite-difference(FD)-based immersed boundary technique.
The applicability of the mixed FD-FE approach with the momentum-exchange algorithm is demonstrated through simulating multiple elastic particles falling in a 2-D flow field, and the effects of particle geometry and elasticity on the flow structure and clustering behaviour of the particles were studied.
Difference in neutral shape of the particles (circular/non-circular) was found to affect the rotating behaviours of the particles due to the difference in resistance against rotation. Also, the circular objects tend to form dense-population region (cluster) in comparison with the non-circular object. Given some deformability to the non-circular objects, on the other hand, the resistance against rotation abated, while the deformability of the particles showed less possibility of cluster formation for soft noncircular particles in the fluid.
The results suggest that the behaviours of the particles can be strongly influenced by the deformability of the particles, indicating that incorporating non-circularity as well as deformability to solid particles could be an important aspect for deeper understanding of the particle-laden flow, particularly for biological applications.
The present mixed FD-FE approach combined with our momentum-exchange algorithm successfully presented to enable analysis of the interaction problem between a fluid flow and a large number of deformable objects. The method promises to be a unique engineering tool available for many challenging problems, especially many-body problems involving fluid and multiple elastic objects.
The present simulation adopts some assumptions for the feasibility of the study. Considering more practical applications of fluid-deformable-objects interaction problems, geometric nonlinearity with a range of solid materials needs to be incorporated. A numerical tool for this purpose has been established with some solidified validation [39, 40] , and more detailed analysis of the clustering behaviour and characteristic deformation of the particles are the subject of a future paper by the present authors.
